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ABSTRACT 

 
In this paper, an important theorem of fuzzy derivative for fuzzy complex functions which map a regular complex 
numbers into bounded closed complex complement normalized fuzzy numbers is proved. This is a modification and 
generalization of the fuzzy derivative in Sabir et al. (2012). 
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INTRODUCTION 
 
Fuzzy complex analysis was first introduced by Buckley 
and Qu (1991, 1992) that extends definitions and results 
of Dubois and Prade (1982) to the complex case. Buckley 
(1989) suggested the notion of convergence, 
differentiation and continuity of complex fuzzy function 
(Guangquan, 1991; Chun and Ma, 1998; Dianjun, 2000; 
Qiu et al., 2009; Ousmane and Congxin, 2003; 
Shengquan, 2006; Cai, 2009). As a generalization of 
Buckley’s work, several scholars continued research in 
fuzzy analysis like Wu and Qiu (1999), Zengtai and 
Shengquan (2006), Qiu and Shu (2008), Sun and Guo 
(2010), Ma and Chen (2012) and Sabir (2012). 
 
PRILIMINARIES  
 
Zadeh (1965) firstly introduced the concept of fuzzy 
subset which is a function ߤ൫ܣሚ, :൯ݔ ܺ ՜ ሾ0,1ሿ and a 
generalization of the classical set operations. 
 
Definition 1. Let ܣሚ be a fuzzy subset and ߙ א ሾ0,1ሿ, then 
(1) The αۛlevel of ܣሚ, denoted by ܣሚ 

ఈା , is the crisp set 
൛ݔ א ,ሚܣ൫ߤ :ܺ ൯ݔ ൒  .ൟߙ

(2) The weak αۛlevel ܣሚ 
ఈି  of a fuzzy subset ܣሚ is the non-

fuzzy set of all elements of ܺ that grade of 
memberships are greater than ߙ. 

(3) The height of a fuzzy subset ܣሚ is the number obtained 
by ߙ஺෨

௠௔௫ ൌ ௑א௫݌ݑݏ ,ሚܣ൫ߤ  .൯ݔ
 
Definition 2. For any collection, ൛ܣሚ௜: ݅ א  ൟ, of fuzzyܫ
subsets of ܺ, where ܫ is a nonempty index set. 
(1) The union of fuzzy subsets ܣሚ௜ is defined by 

ڂ൫ߤ ሚ௜௜ܣ , ൯ݔ ൌ ௫݌ݑݏ ,ሚ௜ܣ൫ߤ  .൯ݔ
(2) The intersection of fuzzy subsets ܣሚ௜ is defined by 

ځ൫ߤ ሚ௜௜ܣ , ൯ݔ ൌ ݅݊ ௫݂ ,ሚ௜ܣ൫ߤ  .൯ݔ
 
(3) The complement of ܣሚ௜ is defined by ߤ൫൓ܣሚ௜, ൯ݔ ൌ

1 െ ,ሚ௜ܣ൫ߤ  .ܺ belongs to ݔ ൯, for allݔ
 
Definition 3. A fuzzy number ෤ܽ defined on the set of real 
numbers ࣬ is a function ߤሺ ෤ܽ, ࣬ :ሻݔ ՜ ሾ0,1ሿ, which 
satisfies: 
(1) ෤ܽ is upper semicontinuous. 
ሺߤ (2) ෤ܽ, ሻݔ ൌ 0 outside some interval ሾܿ, ݀ሿ. 
(3) There are real numbers ܽ, ܾ such that ܿ ൑ ܽ ൑ ܾ ൑ ݀, 

ሺߤ ෤ܽ, ,ሻ is increasing on ሾcݔ aሿ, ߤሺ ෤ܽ,  ሻ is decreasingݔ
on ሾܾ, ݀ሿ, and ߤሺ ෤ܽ, ሻݔ ൌ 1, ܽ ൑ ݔ ൑ ܾ. 
 

Definition 4. A fuzzy complex number መܼ is a mapping 
൫ߤ መܼ, ൯: ԧݖ ՜ ሾ0,1ሿ if and only if: 
൫ߤ (1) መܼ,  .൯ is continuousݖ
(2) መܼ 

ఈି  is open, bounded, and connected. 
(3) መܼ 

ଵା  is non-empty, compact, and arcwise connected. 
 
RESULTS 
 
Definitions, results and notations on fuzzy complex 
analysis which are used in this section can be found in 
Sabir et al. (2012). 
 
Theorem 1. Let ෨ܼ, ෩ܹ  be BCCCNFNs and ሚ݂ be a fuzzy 
meromorphic function. If ሚ݂ሺݖሻ ൌ ෩ܹ  and ሚ݂ᇱሺݖሻ ൌ ෩ܹ  have 
the same zeros, ሚ݂ሺݖሻ ൌ ෨ܼ and ሚ݂ᇱሺݖሻ ൌ ෨ܼ have the same 
zeros with the same order, and ഥܰ൫ݎ, ሚ݂ 

௭,ఊା ൯ ൌ
,ݎ൫ܶሺ݋ ሚ݂ 

௭,ఊା ሻ൯ then ሚ݂ሶ௭,ఊା ൌ ሚ݂௭,ఊା . 
 
Proof: By hypothesis, we have 
2ܶ൫ݎ, ሚ݂௭,ఊା ൯ ൑ ഥܰ൫ݎ, ሚ݂௭,ఊା ൯ ൅ ഥܰ ൬ݎ, ଵ

௙ሚ೥,ംశ ି ௓෨ ംశ ൰  
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൅ ഥܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ഥܰ ൬ݎ, ଵ

௙ሚ೥,ംశ ൰  

൅݋൫ܶሺݎ, ሚ݂௭,ఊା ሻ൯  

ൌ ഥܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ൰ ൅ ഥܰ ൬ݎ, ଵ

௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰ ൅ ഥܰ ൬ݎ, ଵ
௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰  

൅݋൫ܶሺݎ, ሚ݂௭,ఊା ሻ൯  

ൌ ഥܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ൰ ൅ ܰ ൬ݎ,

௙ሚሶ೥,ംశ

௙ሚ೥,ംశ ൰ ൅ ,ݎ൫ܶሺ݋ ሚ݂௭,ఊା ሻ൯  

ൌ ഥܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ൰ ൅ ഥܰ൫ݎ, ሚ݂௭,ఊା ൯ ൅ ഥܰ ൬ݎ, ଵ

௙ሚ೥,ംశ ൰  

൅ ݋൫ܶሺݎ, ሚ݂௭,ఊା ሻ൯  

ൌ 2 ഥܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ൰ ൅ ,ݎ൫ܶሺ݋ ሚ݂௭,ఊା ሻ൯  

൑ 2ܶ൫ݎ, ሚ݂௭,ఊା ൯ ൅ ,ݎ൫ܶሺ݋ ሚ݂௭,ఊା ሻ൯. 

 
It follows that,  

ഥܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ൰ ൌ ഥܰ ൬ݎ, ଵ

௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰ ൅ ഥܰ ൬ݎ, ଵ
௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰  

൅݋൫ܶሺݎ, ሚ݂௭,ఊା ሻ൯, and  

݉ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௐ෩ ംశ ൰  

൑ ݉ ቆݎ,
ቀ ௙ሚሶ೥,ംశ ି ௓෨ ംశ ቁିቀ ௙ሚ೥,ംశ ି ௓෨ ംశ ቁ

௙ሚሶ೥,ംశ ቀ ௙ሚሶ೥,ംశ ି ௓෨ ംశ ቁି ௙ሚሷ೥,ംశ ቀ ௙ሚ೥,ംశ ି ௓෨ ംశ ቁ
ቇ  

൅݉ ቆݎ,
௙ሚሶ೥,ംశ

ቀ ௙ሚ೥,ംశ ି ௓෨ ംశ ቁቀ ௙ሚ೥,ംశ ି ௐ෩ ംశ ቁ
ቇ  

൅݉ ቆݎ,
௙ሚሷ೥,ംశ

௙ሚሶ೥,ംశ ቀ ௙ሚሶ೥,ംశ ି ௓෨ ംశ ቁ
ቇ ൅ ݉ ቆݎ,

௙ሚሶ೥,ംశ

ቀ ௙ሚ೥,ംశ ି ௐ෩ ംశ ቁ
ቇ  

൑ ܶ ൬ݎ,
௙ሚሶ೥,ംశ

௙ሚ೥,ംశ ି ௓෨ ംశ െ
௙ሚሷ೥,ംశ

௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰ ൅ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ  

൅݋൫ܶሺݎ, ሚ݂௭,ఊା ሻ൯ ൅ ݋ ቀܶሺݎ, ሚ݂ሶ௭,ఊା ሻቁ  

ൌ ܰ ൬ݎ,
௙ሚሶ೥,ംశ

௙ሚ೥,ംశ ି ௓෨ ംశ െ
௙ሚሷ೥,ംశ

௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰  

൅݉ ൬ݎ,
௙ሚሶ೥,ംశ

௙ሚ೥,ംశ ି ௓෨ ംశ െ
௙ሚሷ೥,ംశ

௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰  

൅݋൫ܶሺݎ, ሚ݂௭,ఊା ሻ൯  

൑ ഥܰ൫ݎ, ሚ݂௭,ఊା ൯ ൅ ݉ ൬ݎ,
௙ሚሶ೥,ംశ

௙ሚ೥,ംశ ି ௓෨ ംశ ൰ ൅ ݉ ൬ݎ,
௙ሚሷ೥,ംశ

௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰  

൅݋൫ܶሺݎ, ሚ݂௭,ఊା ሻ൯  

ൌ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ ൅ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ ൅ ݋ ൬ܶ ቀݎ, ሚ݂ሶ௭,ఊା ቁ൰  

൅݋൫ܶሺݎ, ሚ݂௭,ఊା ሻ൯.  

Hence, 

ܰ ൬ݎ, ଵ
௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰ ൅ ܰ ൬ݎ, ଵ

௙ሚ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ  

ൌ ܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௓෨ ംశ ൰ ൅ ܰ ൬ݎ, ଵ

௙ሚ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ  

ൌ ܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ, and  

݉ ൬ݎ, ଵ
௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ܰ ൬ݎ, ଵ

௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰  

൑ ܶ൫ݎ, ሚ݂௭,ఊା ൯ ൅ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ  

ൌ ഥܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ  

൑ ܰ ൬ݎ, ଵ
௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ.  

Therefore,  

ܶ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௓෨ ംశ ൰ ൅ ܶ ൬ݎ, ଵ

௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰ ൅ ܶ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௐ෩ ംశ ൰  

൅ܶ ൬ݎ, ଵ
௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰  

ൌ ݉ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௓෨ ംశ ൰ ൅ ݉ ൬ݎ, ଵ

௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰  

൅݉ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ݉ ൬ݎ, ଵ

௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰  

൅ܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௓෨ ംశ ൰ ൅ ܰ ൬ݎ, ଵ

௙ሚሶ೥,ംశ ି ௓෨ ംశ ൰  

൅ܰ ൬ݎ, ଵ
௙ሚ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ܰ ൬ݎ, ଵ

௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰  

൅݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ  

൑ ݉ ൬ݎ, ଵ
௙ሚሷ೥,ംశ ൰ െ ݉ ൬ݎ, ଵ

௙ሚሶ೥,ംశ ൰ ൅ ܰ ൬ݎ, ଵ
௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰  

൅݉ ൬ݎ, ଵ
௙ሚሶ೥,ംశ ൰ ൅ ܶ൫ݎ, ሚ݂௭,ఊା ൯ ൅ ݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ  



Sabir 

 

3165

൑ ܶ ቀݎ, ሚ݂ሶ௭,ఊା ቁ ൅ ܶ ൬ݎ, ଵ
௙ሚሶ೥,ംశ ି ௐ෩ ംశ ൰ ൅ ܶ൫ݎ, ሚ݂௭,ఊା ൯  

൅݋ ቀܶ൫ݎ, ሚ݂௭,ఊା ൯ቁ a Contradiction.  

ACKNOWLEDGMENT 
 
This study was financial supported by Science Faculty of 
Higher Education Commission under the University of 
Sulaimani Scientific Research Program is highly 
acknowledged. The author is highly thankful to Scientific 
Committee of Mathematics Department, Scientific 
Committee of Faculty of Sciences and Science Education 
for facilitating the project. 
 
REFERENCES  
 
Buckley, JJ. and Qu, Y. 1991. Fuzzy complex analysis I: 
Differentiation. Fuzzy Sets and Systems 41. Elsevier. 
269-284.  
 
Buckley, JJ. and Qu, Y. 1992. Fuzzy complex analysis II: 
Integration. Fuzzy Sets and Systems. 49. Elsevier. 71-179.  
 
Buckley, JJ. 1989. Fuzzy complex numbers. Fuzzy Sets 
and Systems. 33. Elsevier. 333-345.  
 
Cai, QP. 2009. The continuity of complex fuzzy function. 
Adv. in Int. and Soft Computing. 2:695-704. 
 
Chun, C. and Ma, S. 1998. The differentiation of complex 
fuzzy functions. Proc. of the 9th NCFMFS, Baoding, 
Hebei U. Press. 162-166. 

Dianjun, Y. 2000. On the complex fuzzy derivative. 
BUSEFAL. 81:90-92. 

Dubois, D.  and Prade, H. 1982. Towards fuzzy 
differential calculus, Part 3: Differentiation. Fuzzy Sets 
and systems 8. Elsevier. 225-233. 

Guangquan, Z. 1991. Fuzzy continuous function and its 
properties. Fuzzy Sets and Systems 43. Elsevier. 159-171. 

Ma, S. and Chen, F. 2012. Fuzzy complex valued integral 
and its convergence. Adv. in Int. and Soft Computing. 
147:265-273. 

Ousmane, M. and Congxin, W. 2003. Semi continuity of 
complex fuzzy functions. Tsinghua Science and 
Technology. 8:65-70. 
 
Qiu, D. and Shu, L. 2008. Notes on: On the restudy of 
fuzzy complex analysis: Part I and Part II. Fuzzy Sets and 
Systems 159. Elsevier. 2185-2189.   

Qiu, D., Shu, L. and Mo, ZW. 2009. Notes on fuzzy 
complex analysis. Fuzzy Sets and Systems 160. Elsevier. 
1578-1589. 

Sabir, PO. 2012. On fuzzy complex analysis. PhD. Thesis. 
University of Sulaimani, , Kurdistan Region, Iraq. 
 

Sabir, PO., Adil, KJ., Munir, AA. 2012. On fuzzy 
complex derivatives. IOSR Journal of Mathematics. 2(5): 
47-52. 
Shengquan, M. 2006. The series of complex fuzzy valued 
and its convergence. Journal of Fuzzy Mathematics. 5: 
200-211. 
Sun, J. and Guo, S. 2010. The solution algorithm of 
complex fuzzy valued function integral by fuzzy element. 
ACFIE. 78:55-63. 
 
Wu, C. and Qiu, J. 1999. Some remarks for fuzzy 
complex analysis. Fuzzy Sets and Systems 106. Elsevier. 
231-238. 
 
Zadeh, LA. 1965. Fuzzy sets. Inform. & Control. 8:338-
353. 
 
Zengtai, G. and Shengquan, M. 2006. The research 
advances in fuzzy complex analysis. Math. in Prac. and 
Theory. 36:200-211. 
 

 
Received: July 1, 2014; Revised: Sept 7, 2014; Accepted: Sept 12, 2014 


